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Abstract 



In this second part of the paper, dedicated to theories with extra dimensions, a new physical 
notion about the "tensor length scale" is introduced, based on the eravitational theories with covariant 
• ' and contravariant metric tensor components. Then the notion of "compactification" in low energy 

' type I string theory is supplemented by the operation of "rescaling" of the contravariant metric 

components. For both the cases of "rescaling+compactification" and " compactification+rescaling" , 
quasilinear differential equations in partial derivatives have been obtained and the corresponding 
solutions have been found for the scale (length) function and for the case of a flat AD Minkowski 
space, embedded into a 5D space with an exponential warp factor. A differential equation has been 
obtained and investigated also from the equality of the "rescaled" scalar curvature with the usual 
one. 



>< : 1 INTRODUCTION 

H 



In [1, 2], the algebraic geometry approach in gravity was developed, based on the important distinction 
between covariant and contravariant metric tensor components in the framework of the affine geometry 
approach [3, 4]. 

Also in a previous paper [5], a cubic algebraic equation was proposed, based on the equivalence 
between the gravitational Lagrangian with the more generally defined contravariant tensor and the usual 
Lagrangian. 

In this paper, the same idea shall be exploited. The main difference will be that instead of choosing the 
contravariant tensor in the form of the factorized product g^^ = dX'^dX^ and solving the corresponding 
algebraic equation with respect to dX'^, now this tensor shall be chosen as g^^ = Ig^^ . Another difference 
in comparison with the previous approach will be that instead of solving an algebraic equation, this 
time the obtained equation will be considered as a differential equation in partial derivatives, and it will 
be solved by means of the known method of characteristics with respect to the function ^(x). This 
function is called the "length function" and as explained in the previous part [6], it is a partial case of 
the newly introduced notion of a "tensor length scale Z*^(x)", which satisfies the relation = ifi'x.) 

in gravitational theories with separately determined covariant gij and contravariant g'*^ metric tensor 
components. 



*EIectronic mail: bogdan@theor.jinr.ru 



1 



One of the main purposes of this paper is to find implementation of the tensor length scale and 
function in the type I low-energy string theory. For the purpose, the defined in [1,5] "tilda" connection 



pfe 

ij 



r', = ^s'^fes.i + 9^s,, - 9^j,s) = tr^ , (1.1) 

which turns out to be a linear combination of the Christoffell's connection components (and therefore 

is not independent from them), is substituted in the known formulae for the "tilda" Riemann scalar 
curvature _ _ _ _____ 

R = g'm,, = (duV% d^Tl^ + F^.F^^- - F^F^^„) , (1.2) 

which constitutes the gravitational part of the string action. The correctness of such a substitution is 
ensured by a known theorem from affine geometry [3], the formulation of which and the proof for the 
partial 'g^^ = IS^g" case have been presented in Appendix A. 

Further, the coefficients in the type I low-energy string theory action are compared before and after 
the compactification. Due to the newly introduced operation of "rescaling" , in this case not the standard 

simple algebraic relations M?., = and A = ^1^"*^!^° between the four-dimensional Planck constant 

M(4), the string scale nis and the electromagnetic coupling constant (?4 are obtained, but a quasilinear 
differential equation in partial derivatives for the length function l{x). Moreover, since the compactifi- 
cation can be performed from the "unrescaled" or from the "rescaled" gravitational part of the string 
action, two such equations are obtained and the corresponding solutions by the methods of characteristics 
have been derived. If one assumes that it is irrelevant whether compactification or rescaling is performed 
at first, then from the two differential equations a simple cubic algebraic equation can be derived. From 
this equation, important inequalities for the parameters in the low- energy type I string action can be 
obtained. Since the length function l{x) does not participate in these inequalities, they might he relevent 
also for the present theories with extra dimensions. 

Another case, not related to type I string theory and to compactification and for which the corre- 
sponding solutions have been obtained is the modified gravitational action with the "tilda" connection 
(1.1) and again under the choice g'^ = ^.g'''^ = IS^g" for the contravariant components. For a flat 4Z) 
Minkowski space-time metric, embedded in a 51? space of constant (or even non - constant) negative 
curvature, the following expression for the length function l{x) as a solution of the quasilinear equation 
has been found: ^ 

^ ~ 1 - const, e^'^^y ^-±1 ' (1-3) 
From a physical point of view it is interesting to note that the "scale function" will indeed be equal to 
one (i.e. we have the usual gravitational theory with g^^ = g^^ and i = 1) for e = — 1 and y ^ oo (the s.c. 
infinite extra dimensions). However, for e = -|-1 there will be even a decrease of the "length function" 
due to the exponential factor in the denominator. 

2 TENSOR LENGTH SCALE, RESCALING AND COM- 
PACTIFICATION IN THE LOW ENERGY ACTION 
OF TYPE I TEN - DIMENSIONAL STRING THEORY 

Now an example of the possible application of theories with covariant and contravariant metrics shall be 
given, related to the low - energy action of type I string theory in ten dimensions [7, 8, 9, 10] 

where A exp($) is the string coupling (as remarked in [10], in the first term the coupling is A^, because 
it is generated by an world - sheet path integral on an sphere and the coupling A in the second term - 
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by an world - sheet path integral on the dise), is the string scale, which we can identify with m,grav.- 
Compactifying to 4 dimensions on a manifold of volume Ve , one can identify the resulting coefficients in 
front of the R and jF'^ terms with M'^^ and from where one obtains [7] 



The physical meaning of the performed identification is that since the length scale Vct^ of string theory, 
the volume V of the (Calabi - Yau) manifold and the expectation value of the dilaton field cannot be 
determined experimentally, they can be adjusted in such a way so that to give the desired values of the 
Newton's constant, the GUT (Grand Unified Theory) scale Mgut and the GUT coupling constant [10]. 
It should be stressed that in the weakly coupled heterotic string theory (when there are no different string 
couplings A ^ exp(2$) and A ~ exp($), but just one), the obtained bound on the Newton's constant 

4 

[10] Gn > ".^if is too large, but in the same paper [10] it was remarked that "the problem might be 

GUT 

ameliorated by considering an anisotropic Calabi - Yau with a scale Va^ in d directions and jj^^ in 
(6 — d) directions" . 

Now we shall propose, in the spirit of the afBne geometry approach, how such a different metric scale 

on the given manifold can be introduced by defining more general contravariant tensors. The key idea is 
that the contraction of the covariant metric tensor gij with the contravariant one 'g^^ = dX^dX^ gives 
exactly (when i = k) the length interval [5] 

l = ds^= gijdX^dX' . (2.3) 

Naturally, for i ^ A; the contraction will give a tensor function = gijdX^ dX^ , which can be interpreted 
as a "tensor" length scale for the different directions. In the spirit of the remark in [10], one can take for 
example 

= gijdXUx'' = Li6'^ for k = I, d , (2.4) 
= gacdX^dX'' = L2S''^ for a,b, c = 1, ....,6 - d . (2.5) 
For simplicity and as a starting point, further we shall assume that for all indices k... 

11 = IS^ . (2.6) 

In fact, this will be fulfilled if we assume that the contravariant metric tensor components g''^ are pro- 
portional to the usual inverse contravariant metric tensor g''^ with a function of proportionality Z(x), i.e. 
g^^ = l{x)g^^ (it will be called a "conformal" rescaling). Further we shall call the function l{x) "a length 
scale Junction'''' . 

Our next purpose will be to prove that if one imposes the requirement for invariance of the low - 
energy type I string action (2.1) under the "conformal" rescaling, i.e. 



( 7 7:^4t^' ) = / d^xV^ (••••) = 



(27r)7A2 4(2^)7A 



then the length scale l{x) will be possible to be determined from a differential equation in partial 
derivatives. In other words, unlike the previously described in [7, 8, 9, 10] case, when the coefficients 
in front of R and F"^ before and after the compactification are identified, here we shall propose another 
approach to the same problem. Concretely, first a rescaling of the contravariant metric components shall 
be performed, and after that the compactification shall be realized, resulting again in the R.H.S. of the 
standard 4D action (2.1). 
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However, in principle another approach is also possible. One may start from the " imrescaled" ten 

- dimensional action (2.1), then perform a compactification to the four - dimensional manifold and 
afterwards a transition to the usual "rescaled" scalar quantities R and F^. Then it is required that the 
"unrescaled" ten - dimensional effective action (2.1) (i.e. the L. H. S. of (2.1)) is equivalent to the four 

- dimensional effective action after compactification, but in terms of the rescaled quantities R and in 
the R. H. S of (2.1). This can be expressed as follows 

= |A(Mj,fi+ilF') . (2.8) 

In the next subsections both cases shall be investigated, deriving the corresponding (quasilinear) differ- 
ential equations in partial derivatives and moreover, finding concrete solutions of these equations for the 
special case of the metric of a flat AD Minkowski space, embedded in a five - dimensional ADS space 
of constant negative curvature. It will be shown also that for a definite scale factor h{y) = /3y"' (/3 is 
a constant) in front of the extra -coordinate y in the metric, the derived differential equations arc still 
solvable, in spite of the fact that the five - dimensional space is no longer of a constant negative curva- 
ture. Besides the opportunity to extend the results to such spaces of non-constant curvature, there is 
one more reason for the necessity to investigate such quasilinear differential equations for concrete cases 

- in principle, examples can be given, when such equations cannot be explicitely solved. But evidently, 
some special kinds of chosen metrics will allow the solution of these equations and consequently the de- 
termination of the scale length function l{x) in terms of all the important parameters in the low - energy 
type I string thery action. If for certain metrics this is possible , then it will turn out to be possible to 
test whether there will be deviations from the standardly known gravitational theory with I = 1, if the 
electromagnetic coupling constant 94, the AD Planck constant M(4'), the string scale m,, and the string 
coupling A are known, presumably from future experiments or cosmological data. Even if one assumes 
that there no deviations from the standard theory with 1 = 1, the obtained solutions will allow to find 
some new relations between the above mentioned parameters. The obtained differential equations in the 
limit of ^ = 1 will result in the simple algebraic relations (2.2), already found in the literature. 

One may also require the equivalence of the two approaches, expressed mathematically by (2.7) and 
(2.8), although for the moment it is not known whether there is some physical reason for this equivalence. 

3 ALGEBRAIC RELATION AND A QUASILINEAR DIF- 
FERENTIAL EQUATION IN PARTIAL DERIVATIVES 
FROM THE "RESCALED + COMPACTIFIED" LOW - 
ENERGY TYPE I STRING ACTION 

In order to rewrite the "rescaled-|-compactified" string action (2.7), let us first define the "rescaled" square 
of the electromagnetic field strength as 

= 1'Fab9^''9''''Fmn=1'F' . (3.1) 
Using the formulaes for the Riemann tensor and for the rescaled afRne connection 

^AC = 9^'^9gf1^ac = ^^AC ) (3-2) 
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the rescaled scalar gravitational curvature R can be written as 

R = g^^ gapRABCD = -jl^ g^'^ g^^ ig ad ,bc + gscAD - gAc,BD— 



-gBD,Ac) + 1' 9 9 9fg\^ cb^ ad- DB'- AC) — 



'R- 



- l)g^'-' g^^{gAD,Bc + gBc,AD - gAc,BD - gBD,Ac) 



(3.3) 
(3.4) 



Substituting the above expressions (3.1) and (3.4) for and R into the L. H. S. of the low - energy 
string action (2.7) and setting up equal the corresponding coefficients in front of the \F'^ term in the L. 
H. S. and the R. H. S. of (2.7), one can derive 



A = 



(27r)7 



(3.5) 



This is almost the same expression as in (2.2), but now corrected wih the fimction of proportionality Z^(x). 
The string coupling A is thus a non - local physical quantity, depending on the space - time coordinates. 

Next, after the elimination of the terms with on both sides of (2.7) and substituting the found 
formulae for A into the resulting expression on both sides of (2.7), one derives the algebraic relation 



Vemjgi 



M, 



(4) 



R 



2mjVePgl 



(3.6) 



For brevity, the brackets (....) will denote the term in (3.4) with the second derivatives of the metric 
tensor. For Z = 1, as expected, we obtain the usual relation for M^^^ as in (2.2). Therefore, physically 
any possible deviations from relation (2.2) can be attributed to the appearence of the new length scale 
Z(x). Let us introduce the notation 



(27r)^ 
Vemjgi 



(27r)' 



(3.7) 



and assume that the deviation from the relation M?. 



l{x) can be expressed from the algebraic relation (3.6) as 



(4) ~ Vem'^g'^ Small, i.e. /3 <^ l.Then the length scale 



R 



1 



P„AC„BD 



(...) 



9^^5^^(...) 



(3.J 



Consequently the deviation from the "standard" length scale I = 1 in the case of a gravitational theory 
with I ^ 1 in the case of small (3 shall he proportional to the ratio gACgBD(^ ) • In the concrete example 
of an 4Z) Minkowski space, embedded in a 5D ADS space of constant negative curvature, this ratio will 
be 

R _ {-8k^l_ _ 1 
^ ^ 4 



g^^g^'^i...) 



(-32fc2) 



R 



and therefore, this constant factor will not affect the smallness of the number P-^xtt^bdj — j 



(3.9) 

. The above result 



has also an important physical meaning - the zero value of the number (3 ( which signifies the fulfillment 
of the relation M^^^^ = y^^^i^-i ) is directly connected with the usual length scale I = 1 in gravity theory. 

Let us now derive the differential equation in partial derivatives, starting from the second repre- 
sentation of the "rescaled" scalar gravitational curvature R by means of the "rescaled" Ricci tensor 

Rii 



R 



g^'^RAB 



ig 



AB 



AC , pC pD 
-Q^ + ^AB^CD 



J- AC^ BD 



(3.10) 
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It can easily be found that the rescaled gravitatfonal curvature is expressed through the usual one as 

R = r^R^^ = i^R + i)g^B (rc^rg^ - r^c^rgz.) + 



ABj^C 1 „ABt^C 



(3.11) 



Again, this expression and also (2.9) for are substituted into the L. H. S. of the action (2.7) and the 
corresponding coefficients in front of the term in the L. H. S. and the R. H. S. of (2.2) are set up 
equal. Thus one obtains 



A 



2 qW^VqI' 



(3.12) 



(27r)i4 

Substituting this expression into the resulting one on both sides of (2.2), we receive the following equation 
in partial derivatives with respect to the scale function l{x): 



(27r) 



R + 



(27r)^ jl-l ) 
miVegi P 



9 y-AB^CD ^AC^BD) + 



+ ■ 



(27r)7 1 



dl 



dl 



„po _ _l_„ABpC 
9 ^ AB -KZ:r9 i-AC 



Note that for / = 1 (the known gravitational theory) we obtain again expression (2.2) for Mf. It turns 
out that for l{x) we have both the algebraic relation (3.6) and the above differential equation (3.13). 



4 (ANOTHER) ALGEBRAIC RELATION AND A QUASI- 
LINEAR DIFFERENTIAL EQUATION FROM THE "COM- 
PACTIFIED+RESCALED" LOW ENERGY TYPE I STRING 
THEORY ACTION 



This time we start from the action (2.8) and substitute the expressions for the "unrescaled" scalar 
quantities and R 



F- = 



R- ^ P I ~^'> „AC„BD/ \ 



(4.1) 



into the L. H. S. of (2.8). 

Following the method, described in the previous section, we find for A 

(27r)7/2 ' 



(4.2) 



which with respect to the function l{x) can be considered as the "dual" one, if compared with (3.5). 
However, the obtained algebraic relation will be different from (3.6) 



R + 



{2nmi'-l).C BD 



g^-g"^ {....) =Q . 



2miVegi 

If again expression (3.4) for R is used, the algebraic relation (4.3) can be rewritten as 

ll\l'-^)9^^9^%-)-J^^l'R , 



(4.3) 



(4.4) 
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where P and A'' denote the expressions 



4 



Ml 



(4.5) 



In the same way, starting from the second representation (3.11) of the gravitational Lagrangian for R 
in terms of R and again making use of formulae (3.11) for R, one can obtain the second quasilinear 
equation in partial derivatives 



(2^)^ 



l^-Mjl'^ R 
{2wyi^ / dl 



7;2 



M, 



#2 



/2(/2 



1) 



/ \^ AB^ CD 



mp^V^'' ''''' -Acy-- • (4-6) 

Substituting the algebraic relation (4.4) into the second term of (4.6), the differential equation is obtained 
in a simpler form 



— 

^ AB 



AC 



+ 



+ 



{2l^yi{l~l) ^AB I^C YD 



(j^C T^D j^D j^C 
\^ AB^ CD ~ ^ AC^ BD 



i^{p-NRy 
) = 



Mi 



+ 







(4.7) 



This (second) differential equation evidently is different from the first one (3.13) and in this aspect 
an interesting conclusion can be made. Suppose that the two differential equations (3.13) and (4.7) 
simultaneously hold, which means that it does not matter in what sequence we perform "resettling + 
compactification" or " compactification +rescaling" in the low energy type I string theory action. If the 
initial term with the derivatives in (4.7) is expressed and substituted into the first differential equation 
(3.13), then the square of the length scale function l^ can be found as a solution of the following cubic 
algebraic equation 



(27r)7 



■l^ + 



p2 



tI - Mf 



p2 







(4.8) 



miV^gl mjVegi {P - NRf " "^'^ [P - NRf 
Both the above mentioned approaches of " resettling + compttctifictttion " and "compttctifictttion + 

resettling" would be consistent in the case of a non - imaginary Lobachcvsky space, if the function /(x) is 
a real one and not a complex one, i.e. the roots of the above equation should not be imaginary functions 
and there should be at least one root, which is a real function. This may lead additionallly to some 
restrictions on the parameters in the initial string action. Also, for Z = 1 the above equation can be 
written as 



M' 



mtVegi 



(p - Npy 



+ 1 







(4.9) 



There is no other relation from this equation besides the known one — 



nominator of the second term can be written as 

pV / P\ „ 1 



N 



N 



R+^R 



p 
N 



R^ 
4 



0, since the 



(4.10) 



and evidently this term is positive and different from zero. 

However, if solutions of the two quasilinear differential equations are found, then some new relations 
may be written. It should be kept in mind that these solutions are found by means of the characteristic 
system of equations, and the general solutions depend on the solutions of the characteristic system. 



7 



5 ALGEBRAIC INEQUALITIES FOR THE PARAMETERS 



IN THE LOW - ENERGY TYPE I STRING THEORY 
ACTION 



Taking into account expressions (4.5) for P and N, eq.(4.8) after dividing by Q^MlrrigVegl can be written 
in the form of the following cubic algebraic equation with respect to the variable h = P 

if + aill + a2li + a3 = , (5.1) 

where Q, ai, a2 and 03 denote the expressions 

.g^^.9Bi.(2^)V^(....) 

^- [gACgBD(...)(27r)7g|-2i?((2^)7-M|F6mf5|)] ' ^ ' 



i2ny i2ny = _9l 

After the variable change li = x — ^ equation (5.1) is brought to the form 

+ax + b = , (5.4) 

where a and b are the expressions 

a? , a? aia2 

a = a2-^ ; b = 2^-^ + a3 . (5.5) 

The roots of the cubic equation (5.4) are given by the formulae 



where p denotes the expression 



The roots of the cubic equation will not depend on the + or — sign in front of the square in the above 
expression. 

It may be noted that if the expression for ^ + |y is negative, then the corresponding roots Xi, X2, 
X3 and the length function l(x) will be imaginary. From a geometrical point of view, this would be 
unacceptable, but with one exception - in the imaginary Lobachevsky space [12], which is realized by 
all the straight lines outside the absolute cone (on which the scalar product is zero, i.e. [x,x] = 0), the 
length may may take imaginary values in the interval [0, ^] (k is the Lobac;hcvsky constant). Further we 
shall assume that l{x) is a real function, but in principle it is interesting that the sign of the inequalities, 
relating the parameters in the string action, may change, if the spacetime is an imaginary Lobachevsky 
one. 

^2 3 

The expression for ^ + |y can be written as 

+ \9lQ'-l9lQ'd' + ^9lQ'd^] , (5.8) 



8 



where d is the introduced notation for 



{2nf 



(5.9) 



It is difficult to check when expression (5.8) will be non - negative, since Q depends also on d and a higher 
- degree polynomial with respect to d will be obtained. However, it may be noted that since 



l2 = l^=x-^>0 
3 



(5.10) 



and since ai is a non - complex quantity, then all the roots Xi, X2, are real. Therefore from the Wiet 
formulae 

—a = xi+X2 + X3 > a\ (5.11) 

and with account of the expressions for a and ax, an equality can be obtained with respect to d and the 
electromagnetic constang (74 in the type I low energy string theory acton 



1 



2 ,2 



gi > W{W + 2)d* - 2W{W + l)d^ + W^d 



where W is the notation for 



W 



2R 



(5.12) 



(5.13) 



The last (third) inequality with the parameters of the low - energy type I string theory action can be 
obtained from the restriction (5.10) a; > ^ for the roots of the cubic equation and expression (5.6) for x 



Denoting 



- a ai 
3^ ^ "3" 



91 = vV 



the above inequality can be rewritten as 

9qf - (af + 6o)gi + > 

which is satisfied for 

f.2 „3 



P 



27 



, ,62 a3 



27 



ai + 6a ai 
^ 18 



18 



T8V«? 



+ 12a 



or for 



6^ a3 



27 



27 



ai + 6a ai 



18 



(5.14) 
(5.15) 
(5.16) 

(5.17) 

(5.18) 



The last two inequalities are the new inequalities between the parameters in the low-energy type I string 
theory action, which cannot be obtained in the framework of the usual gravity theory. Note that in these 
inequalities the length function / (.1;) no longer appears, so the obtained result should be valid also for the 
case of standard gravitational theory. 



6 SOLUTIONS OF THE FIRST QUASILINEAR DIFFER- 
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ENTIAL EQUATION (3.13) FOR THE CASE OF A 
FLAT 4D MINKOWSKI METRIC, EMBEDDED IN A 
FIVE - DIMENSIONAL SPACE (OF CONSTANT NEGA- 
TIVE OR NON - CONSTANT CURVATURE) 

The purpose will be to show that the differential equation in partial derivatives (3.13) will be solvable 
for the previously considered case of the metric (2.4), written now as 

ds'^ = e-'^'^'yrj^^dxf'dx'' + h{y)dy'^ , (6.1) 

V^iv = (+) ~i ~5 ~) with h{y) = 1 and e = ±1. Moreover, the equation will turn out to be solvable also 
for the case of a power - like dependence of the scale factor h{y) — 7y" (7 = const), when the five - 
dimensional scalar curvature is no longer a constant one. In principle, it is necessary to know for what 
kind of metrics quasilinear differential equations of the type (3.13) admit exact analytical solutions. It 
may be shown that for more complicated metrics (for example, when the embedded four - dimensional 
spacctimc is a Schwarzschild Black hole with an warp factor) such analytical solutions cannot be found. 
This will be shown elsewhere. 

As usual, the Greek indices /x, p, a, f3 will run from 1 to 4 and the extra - dimensional metric tensor 
component is h{y) = 555. The big letters A, B, C... will denote the coordinates of the five - dimensional 
spacetime. 

The corresponding afHne connection components are 

r2.=r5% = ; Vl, = ^rt^^e-^'^^y , (6.2) 

r^5 = ; n, = \^ ■ Vt, = le^'^'Vaahiy) . (6.3) 
The expressions for the scalar curvature R and for 51"^^ (F^^ ^ — ^) are 

R=-^- 4fce^ = 9^^{T%^c - tScb) , (6-4) 



from where, taking the difference of the two expressions, it is found that '(S^'a^^b — ^^c^'bd) ~ ^ 
and the differential equation (3.13) is written as 



(27r)7 e^^'y}{ 


■ dl 


dl 


dl 


dl 


mV/^gl 2h 






dx^ 


dx^ 



(27r)^4fce dl ^ . , , 

+ ^ 1 ,, j- = Cl- Dl^ , 6.5 

where C and D denote the expressions 



^_ {2TTy4k{2kh+eh') ^_ MlAk{2kh + eh') ,„ „, 



The characteristic system of equations for the equation (6.5) is 

dl _ em'lV^g^h 



CI - DP - {2.yAk = ' 



2_r4V^gte-^ , _ _2_rr^V^gt^^ , _ 
(27r)7(ln/i)' ~ (27r)7(ln/i)' ~ """^ 



(6.5 
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where the indice i = 2, 3, 4 and a is some parameter. The solution of the first characteristic equation for 
the y and I variables is 

— =CAxY,Xi)e^^^^yh , (6.9) 

where 

«i = (6.10) 

and £i, £2, £3 take values ±1 independently one from another. 

In order to find the function Ci{xi,Xi), the obtained solution (6.9) should be differentiated by xi and 
the characteristic equations for ^ and have to be used. As a result, the function C\{xi,Xi) is found 
as a solution of the following simple differential equation 

M = S^^^^^ + TC,{x„Xi) , (6.11) 

where the functions M, S and T are defined as follows 

^ ^ _£.(2/^-aj)/8feM|(2fe/. + S3/Or.^l^3,| ^^^^ ^ _^ ^^^^^ 

^^eMSkMii2kh + e.h')miV,gl ^^^^ ^ 

[£2(;2-a2)]2 (27r)7/ift,'e2fcs3y 



h 

The solution of the differential equation (6.11) can be written as 

Ci{xi,Xi) = — -S4^r^e J ^''^^ 



(6.14) 



(6.15) 



Again, the obtained solution (6. 9) can be differentiated with respect to a;, and taking into account from 
the characteristic equations that 

dl dl dy dy 

dxi dxi ' dxi dxi ' 

the solution of the corresponding equation (6.11) with M = —M, T = —T, S = S can be represented as 

C,ix,,x.) = ^+e,^en'^^^ . (6.17) 

Substracting the two relations (6.15) and (6.17), the following relation between the functions C2{xi) and 
Csixi) can be derived 

C2{xi) =e^^'^'''C3{xi)ef^''='' . (6.18) 

Now let us differentiate relation (6.17) with respect to xi and make use of (6.18) and its derivative also 
with respect to xi. Then the following differential equation is derived with respect to the function C3{xi) 

-^—-C,ix^)-=0 , (6.19) 

from where 

Csixi) = const, e^"' . (6.20) 
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Therefore from (6.17) 

Ci{xuxi) = ^^^ (6.21) 
and substituting into (6.9), a final expression for I can be found (for the case eie2 = +1) 



P„h2f,4,e3ky _ 
£2n e « (M+£4) = 



i'= • (6-22) 



The solution for the other case £1^2 = — 1 can be found analogously. 

The general solution of the quasiHnear differential equation in partial derivativatives will be not only 
expression (6.22), but also any function V, depending on the first integrals Ki, K2, K3,....,Kq of the 
characteristic system of equations [13] 

V = V{K,,K2,Ks,K4,K5,Ke) . (6.23) 

Now let us find a solution of the characteristic equation for the Xi and y variables for the case of the 
function h{y) = 72/". The equation can be written as 

^2ke,v n-1 ^ _^^^dx' , (6.24) 

n7 



from where a;* can be expressed as 
and In-i{k,y) denotes the integral 



x' = -e/-^In-i{k,y) (6.25) 



In-i{k,y) = j e''^'^yy^-Hy . (6.26) 
This integral can be exactly calculated and the result can be found in the monograph by Timofeev [14] 

= (ifcilF ^0^"'^' \P) ^■(2^^^)""""^""'"' • (6.27) 

Note that because of the complicated expression for the integral In-i{k,y), y cannot be expressed as a 
function of the Xi and the xi coordinate. Also, the solvability of the quasilinear differential equation is 
determined mostly by the presence of the embedded flat AD Minkowski spacetime. Therefore, it may be 
expected that there might be another functions h{y), for which exact analytical solution may be found. 

7 SOLUTIONS OF THE SECOND QUASILINEAR DIF- 



FERENTIAL EQUATION (4.6) FOR THE CASE OF A 
FLAT 4D MINKOWSKI METRIC, EMBEDDED IN A 
FIVE - DIMENSIONAL SPACE 



The same approach, developed in the previous section, shall be applied with respect to the second 
quasilinear differential equation in partial derivatives (4.6). The aim will be to show that the analytical 
solution will be different, compared to the first one for the differential equation (3.13). 
The differential equation (4.6) for the case of the metric (6.1) can be written as 



-It.- 



dl dl dl 
dx"^ dx^ dx^ 



+ + Al^ + Bf + C = 
oy 



(7.1) 
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where A, B, C, D, E denote the expressions 



, _ {27r)Hki2kh-eh') U^Mi 



+^{eh'-2kh) , (7.3) 



16fc^(27r)^ 4kM ? 

- mlV,gt2h ' - mlV.glh ' ^ 
The characteristic system of equations is 

dxi dxi dy dl 

The characteristic equation for the y and i variables can be written as 

's-G 



In £i 



2M5 £4mjg ^VW 
(27r)3 



(7.5) 



4fc(27r)^ 
where 

^^B^ C M,^{F-lr + k^2{2ny-\) 
-4^2 A V^(27r)3|2/e-£4^| 
is a non - negative function and 

s = l^ + ^ ; F = m%gii2k-e4^) • (7.8) 
The integration of the characteristic equation (7.6) results in the expression 

where Z is given by 



and J{y) is the integral 



;o-',3 (7-10) 



The functions Ki and ^-i'^ the fohowing 



It is important to note that the free term under the square in the integral J{y) (7.11) is positive (it is 
+1) and the function Ki is also positive. The analytical solution of integrals of the type (7.11) depends 
on the sign of the function K\ and of the free term, which in the present case are both positive. The 
explicite solution can be found in the book of Timofeev [14] : 

J{y) = ^K,y^ + K2y+l + HK,y + ^ + 
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Now it remains to determine the function Di(xi,Xi) in expression (7.9) for l^. For the purpose, let 
us denote the under - integral expression in (7.11) by J{y), differentiate both sides of (7.9) by Xi and 
take into account the expressions for and from the characteristic system of equations. After 
rearranging the terms and denoting by V 

2liAf+Bl''+C) , a_ (B_\ _ dQ C^ + ct) 
E dv\2A) dy G 



V = ei ^^f^ ^ ^ , (7.15) 



dy 

2A 

the following differential equation can be obtained for the function D\{y) 

dDi 



dy 



+ D-i{ZJ{y) + V)-Ve-^-'^y^ =0 . (7.16) 



It may seem strange at first glance that the function Di depends on the y coordinate, while in (7.9) it was 
assumed that Di = Di{xi,Xi). In fact, from the characteristic equations (7.5) for the y and Xi variables 
it follows 

^^ = -^dx, . (7.17) 
For the concrete expression for the function h{y) = 72/", the coordinates xi and Xi can be expressed as 

8A; 

xi = —S4 — 1(— k,l — n) + const. ; Xi = —xi (7-18) 

n7 

and therefore it is reasonable to consider that Di = Di{xi{y),Xi{y)) = Di{y). Note however that due 
to the complicated structure of the integral I{—k, 1 — n), it is impossible to express y as a function of xi 

(or Xi). 

As in the previous case, the general solution of the equation depends on all the first integrals of the 
characteristic system of equations. 

8 LENGTH FUNCTION l(x) FROM THE CONSTANCY 

OF THE SCALAR CURVATURE R UNDER "RESCAL- 
INGS" OF THE CONTRAVARIANT METRIC TENSOR 
FOR THE CASE OF A FLAT 4D MINKOWSKI MET- 
RIC, EMBEDDED IN A bD SPACETIME. 

Now we shall find solutions of the corresponding differential equation in partial derivatives, when the 
second representation of the scalar curvature R (3.11) is equal to the initial scalar curvature R (i. e. 
R = R). The obtained differential equation under this identification is 



I' 



J?-^5^V^(...) 



f [-i? + 5-4^(r2^,^-rSe,B)] + 



.^ABtC „ABtC 



^0^0'"''^-c-^9'"ns = ■ (8.1) 
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The expression in the small brackets is the same as in (3.4), i.e. (...) = {gAD.BC + 9bc.ad — Oacbd — 
gBD,Ac)- The equation (8.1) for the case of the metric (6.1) with the affine connection components (6.2) 
- (6.3) acquires the form 

dy 8k \dxi 8x2 8x3 8x4 

= {2k - sj){l^ - I) . (8.2) 

The characteristic system of equations is 

= edy = (8.3) 

{2k-e!j^)l{P-l) 

The solutions of the characteristic system for the xi and y variables are correspondingly 

xi = C4{xi,l)+e2—^--Jhe^''''ydy , (8.5) 

Unfortunately, (8.6) cannot be considered as an expression for I, since from (8.5) it is obvious that 
D2{xi,Xi) also depends on the function I. Also, it should be understood that D2 depends on all the 
variables Xi, i = 2,3, 4. 

Let us differentiate both sides of (8.6) by xi 

81 _ 2lh^dy_ _ , 8y 

8x\ h 8x1 h? 8x1 

-2D2^e^''''y ~ D24keie'"'^^y-^) . (8.7) 
8x1 8x1 

If the same operation is applied also with respect to the Xi coordinate and the derived equation is summed 

up with (8.7) with account also of -M- — —-M^, -p^ = — then it can be obtained 

^ ^ 0x1 axi ' axi axi ' 



\8xi 8x 

The equation is satisfied also for D2 = which evidently corresponds to the standard case Z = 1 in 
gravity theory. The other case, when the equation is fulfilled, is = — . 

Now let us rewrite equation (8.7) with account of the expressions for and from the charac- 
teristic system of equations (8.3 - 8.4). Then the following qusilinear differential equation with respect 
to the function is derived 

-2ei£5^(2fc-£i^)e-*'=^i^(/i2-£>^e^*="i'')i =0 . (8.9) 

After finding the function D2 = D2{y) as a solution of this equation, from (8.6) can also be found as 
a function of the extra - coordinate y, i.e. I = l{y). Then after differentiating the solution for xi (8.5) by 
y, the function Ci{xi, I) can be derived as a solution of the following differential equation 

9_£^^F, , (8.10) 
8y 
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where the function Fi is determined as 



^ 8fc 4 8A; 4^ ^ " ^ 

and Z has to be substituted with expression (8.6), in which D2 is determined as a sohition of the differential 
equation (8.9). The representation in the form (8.10) is particularly convenient for the case h{y) = 72/", 
when the difficulty will be only in calculating the integral along y in the first term of (8.11). The advantage 
of the representation (8.10) will become evident if we differentiate the solution (8.5) by I, obtaining thus 
the differential equation 

^'^y^- di +1(1^ ' (^-^^^ 

where 



E2{y)- ' 



{2kh-£2h') 



{ei£2 - 1) 



£2/1 
~8F 



5.14) 



from where with the help of (8.6) 



Now it is important to stress that the second representation (8.12) is inconvenient to use for the case 
h{y) = 72/"- The reason is that the integration is along the I coordinate, which means that the y 
coordinate in Ei{y) and £2(2/) has to be expressed from expression (8.6) as a function of I. However, 
in view of the extremely complicated expression, this is not possible. Instead, the differential equation 
(8.12) will be very helpfid for the case h{y) = 1. which is frequently encoimtered in most of the papers on 
theories with extra dimensions. Indeed, then the nonlinear differential equation (8.9) is of a particularly 
simple form: 

f)r)2 

- 20k£Dl = , (8.15) 

f = ^ . (8.16) 

Note one interesting property of the obtained solution, already mentioned in the Introduction - when 
El = — 1 and y tends to infinity, the known case in gravity theory P = 1 is recovered. 

Now y can be expressed easily and the resulting differential equation (8.12) with Ei{y) = can be 
rewritten as 

dCi{xi,l) £2(£i£2 - l)eT2 _ 

dl + constMl^ ■ ^^-^^^ 

The solution of the equation can be represented as 

nf 7^ e2e^{l- const e^^^'^y) ~ , 



The unknown function C^{xi) can be found if expression (8.5) for x\ is differentiated with respect to x,. 
Unfortunately, the resulting formulae will contain the expressions for ^ and which are singular 

when /i'(y) = O.But if we multiply by the following differential equation will be obtained 



dx^ _ £l(£2-£l) ofei^ , ^2612 

dy 4 ^ %k const l^ ''^ '' dy 

£2e^ dC,{x,) ^ 



8A; const P dy 
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which is no longer singular in the limit h (y) =0, because the expressions for and ^ are 

^=0 ; ^^=e,2kl{f-l) . (8.20) 

Taking into account these formulaes, the solution of the differential equation (8.19) with respect to the 
function Ci{xi) can be found in the form 

Ci{xi) = const2 I 1 - const e^^'==i^ I"" . (8.21) 

Substituting into (8.18), the final expressions for the function Ci{xi,l) can be found and also for the 
coordinate Xi, which for e\ = S2 and h{y) = 1 is simply 



xi = Ci{xi{y),l{y)) = 

£2 const2 eT5 (l - const e^^^^^i^/) 
8k const I 1 - const e24fc£iy jft 

9 DISCUSSION 



(8.22) 



It is perhaps surprising that the quasilinear differential equation in the preceeding section and its solution 
for the length function is simpler than the other two differential equations in sections 6 and 7, when 
the two cases of " compactification+rescaling" and "rescaling+compactification" have been investigated. 
Nevertheless, it is recommendable to find more solutions for the length function l{x), from where it can 
be seen in which other cases the transition to / = 1 can be performed. Also, solutions of these equations 
can be found not only by the method of characteristics, but also in terms of complicated functions of 
the Weierstrass elliptic function and its derivative, following with slight modifications the algorithm in 
[2, 5]. As a matter of fact, quite a broader class of equations, concerning the Ginzburg-Landau model 
and A(l>* scalar field models from quantum field theory admit such solutions, representing uniformization 
functions, depending on elliptic functions. 

In this paper only one length scale has been taken into account. However, there is a motivation for 
taking into consideration (at least) two different length scales - these arc the models with intersecting 
D5- branes on AD (orientifold) compactifications of type II B string theories [15,16]. These models have 
two transverse to the Z)5-branes directions and thus the string scale is lowered to the TeV region. 

Now let us try to implement the introduced notion of length scale with respect to type II A string 
theory compactifications on a compact variety of the form x B4 [17], where several sets of D- branes 
with one worldvolume dimention are wrapped on different cycles within a two torus. The torus is obtained 
by quoticnting the two dimensional flat space by the lattice of translations, generated by the vectors 
ei = (1,0) and 63 = (0, 1). The length of the cycle (n, m) with the two compact dimensions of size Ri 
and i?2 is 

I (n,m) 1= {gabv''v^)i = 

= 2-K^Jn'^Rl + ^"^Rl + '2nmRiR2CosQ , (9.1) 
where 6 is the angle between the two vectors and gab is the symmetric matrix 

(Rin RiR2nmcos<d 
RiR2nmcosQ i?2m 

With respect to this two - dimensional model, let us define the contravariant metric g""^, which here shall 
be identified with the factorized product 
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This metric has the (constant) components 

:= ; := nm ; f := . (9.4) 

In Appendix B the inverse contravariant metric components g^^,g^^ and and also the Christoffell 
components have been calculated, from where it can be seen that they have a singularity at 

1 - RiR2nmcos^e = . (9.5) 

The scalar curvature R will be singular too at the values for 6, satisfying (9.5). However, if a new scalar 
curvature R with the contravariant components (9.4) is defined and the equality of the two curvatures R 
and R is required, i.e. _ 

R = R , (9.6) 

then from (9.6) and the resulting algebraic equation with respect to cosQ the angle © can be determined. 

The "singular" value cos^Q = -^—^ has to be cxchuled, because then (9.6) cannot be satisfied. This 

example clearly shows that although the length scale is properly defined, the singularity in the scalar 
curvature might not be removed by the choice of another contravariant metric. However, it may be 
interesting to solve equation (9.6) (now treated as a nonlinear differential equation), assuming that the 
contravariant "tilda" components = v°'v^ = f^f^ are not constant values, but some arbitrary functions 
/"(i?i, i?2), and see which are the singular and non - singular solutions. 



APPENDIX A: AFFINE GEOMETRY THEOREM ABOUT 
THE EQUIAFFINE CONNECTION 

The formulation of the theorem is the fohowing: if T^- is another eonneetion, not compatible with the 
initial one , then the Ricci tensor Rij is again symmetric and is equal to 

p —pi Pi "P^ _i_ T^mr-iA; 



kl ij 



ki jm 



(Al) 



if and only if the connection Tfj is an equiaffine one. The last means that this connection for j = k 
should be possible to be represented as a gradient of a scalar quantity e: 

(A2) 



Tij = dilne 



The equiafiine properties of the connection Vfj in the general case had been proved in a previous paper 

Now we shall give a verysimple proof for the concrete case = ISi^g", investigated in this paper . 
Namely, provided that the equiaffine property (A2) is valid for the usual Christoffell connection, after 
resolution of the differential equation with respect to e one obtains 



exp 



^0 ^1 ^i-l ^i+l 



..,x^) J T'i.dx' 



(A3) 



Then, making use of the defining equality (1.1), the "tilda" connection F*:- will be an equiaffine one if 



e = exp 



C{x 



1 i-l i+1 n\ I 



Iddnedx^ 



(A4) 



Substituting above the expression (A3) for Ine and chosing for convenience C = ^ (we presume that C 
is known), one obtains the simple expression 



exp 



(A5) 



Thus, if the scalar density e is determined in this way, (A2) is fulfilled, which proves that V'y- is an 
equiaffine connection. Consequently, the use of formulae (Al) for the "modified" Ricci tensor is fully 
justified and legitimate. 
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APPENDIX B: CONNECTION AND CURVATURE COMPO- 
NENTS FOR THE TWO-DIMENSIONAL METRIC 



The components g^^, g^^ and g^^, obtained after the solution of the linear algebraic system QijQ^^ = 5^ 
for values of {i, k) = (1, 1), (1, 2), (2, 1) and (2, 2) are 

(512 - 511522) -Rin(l - RiRinmcos^Q) 

gi2 ^ 912 ^ cose ^ 

{9\2 - 511522) (1 - RiR^nmcos'^Q) 

22 ^ 511 ^ I .ggN 

(5i2 - 511522) i?2TO(l - RiR2nmcos'^Q) 

The " usual" Christoffell connection components Ff^ , calculated by means of the inverse contravariant 
metric and the derivatives in respect to the variables R2) are 

_,i 1 — 2RxR2nmcos^Q 10 1/ n 12 ^ /t-. n 

^'' = 2R,{l-R,R,nmcos-e) =' 512,1+^(5 5iM " 5 511,2) , (B4) 

-nl TflCOSQ 11 / 1 2 11 \ /-r\f\ 

^22 = 7;f, 27^=9 512,2 + 7^(5 522,2 - 5 522,l) , (B5) 

2(1 — RiR2nmcos''Q) 2 

T~i2 ThCOS^^ 22 / 12 22 \ /"n/^\ 

= 2(1 - R.R^nmcos^Q) = ' ai2,i + ^{9 5ii,i - 5 511,2), (B6) 

2 1 - 2RiR2nmcos'^e 12 ,1/22 12 n /TJ'7^ 

r22 = :7^-Ti 27x^ = 9 512,2 + 7^(5 522,2-5 522,1), (B7) 

2ii2(l — RiR2nmcos'^iS) 2 

r}2 = r?2 = . (B8) 

The components of the "tilda" connection F^^ , calculated as a linear combination of the above connection 

components (B4) - (B8) are 

f li = (5^511 + 5''5i2)r}i + (5^512 + 5''522)r?i , (B9) 

= (5^511 + 5''5i2)r^2 + (5''5i2 + 5''522)rL , (BIO) 

r?i = (5''5n + 5''5i2)rli + (5^^512 + 5''522)r?i , (Bll) 

f L = (5''5ii + 5''5i2)rL + (5''5i2 + 5^'522)ri2 , (B12) 

T\2 = r?2 = . (B13) 
The "non - tilda" scalar curvature R, calculated by means of the formulaes (Bl) - (B8) is 



cosQ (2 - RiR2mncos^Q) 
4:RiR2 (1 - RiR2mncos'^ef 



The "tilda" scalar curvature, calculated by means of the connections (B9) - (B13) is 

~ _ Tn^n^cosQ{l - 2RiR2mncos'^&)A 
~ 4(1 - RiR2mncos^ef 

m^n^(m + n'^Ricos&){n + w?R2CosQ)B 
^ 4i?2(l - R^R2mncos-^Qy ' ^ 
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where A and B denote the expressions 

A := mR2{m + n^RicosQf + nRi{n + m'^R2CosOf 
B ■.= -! + 5mnRiR2Cos'^e - ARjRlm^n^cos^Q 



(B16) 
(B17) 



Now it is seen that the equality R = Ris not satisfied at the singular value cos^Q = j^^j^^^^ , although 
in the formal sense it is well defined. But yet the tilda contravariant components g^^ are well - defined, 
unlike 5 '^ . 

The other values of 9 can be determined from the resulting algebraic equation with respect to 0. 
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